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We examine the gauge generating nature of the translational subgroup of Wigner’s little group for the case
of massless tensor gauge theories and show that the gauge transformations generated by the translational group
are only a subset of the complete set of gauge transformations. We also show that, just as in the case of
topologically massive gauge theories, translational groups act as generators of gauge transformations in gauge
theories obtained by extending massive gauge noninvariant theories bgkelBrg mechanism. The repre-
sentations of the translational groups that generate gauge transformations in sikeltb®tg extended theories
can be obtained by the method of dimensional descent. We illustrate these results with the examples of
Stickelberg extended first class versions of Proca, Einstein-Pauli-Fierz, and massive Kalb-Ramond theories in
3+ 1 dimensions. A detailed analysis of the partial gauge generation in massive and massless second rank
symmetric gauge theories is provided. The gauge transformations generated by the translational group in
two-form gauge theories are shown to explicitly manifest the reducibility of gauge transformations in these
theories.
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I. INTRODUCTION sentation of T(3) that acts as gauge generator in
(3+1)-dimensionalB/\F theory from the gauge transfor-
Wigner’s little group is quite familiar to physicists mainly mation properties of the free Maxwell and KR theories in
because of its role in the classification of elementary par4+1 dimensions using a method called “dimensional de-
ticles. Wigner introduced the concept of the little group in ascent.” Similarly, dimensional descent can also be employed
seminal papef1] published in 1939 and showed how par- to obtain the gauge generating representation$(df) for
ticles can be classified on the basis of their spin or helicitytopologically massive Maxwell-Chern-Simons and linearized
guantum numbers using the little group. The little group alscEinstein-Chern-Simons gauge theor[@d-13 in 2+1 di-
relates the internal symmetries of massive and massless pamensions by starting, respectively, from Maxwell and linear-
ticles [2]. A comparatively lesser known facet of the little ized gravity theories in 3 1 dimensiong10,14.
group is its role as a generator of gauge transformations in Against this background, the purposes of the present
various Abelian gauge theories. This aspect of the little grougtudy are the following. First, we make a closer analysis of
was first noticed in the context of free Maxwell the¢B+5]  the gauge generation by Wigner’s little group in massless
and linearized Einstein gravity6]. Recently, it was shown tensor gauge theories, namely, linearized gravity and Kalb-
that the little group for massless particles acts as a generat®amond theories, and unravel certain subtle points that went
of gauge transformations in the case of other gauge theoriamnoticed in earlier studies. We show that the translational
as well[7]. For example, the defining representation of thisgroupT(2) generates only a subset of the full range of gauge
little group is shown to generate gauge transformations alstransformations in these theories. Furthermore, in the case of
in the (3+ 1)-dimensional Kalb-Ramon@R) theory, which KR andB/\F theories, the generators of gauge transforma-
is a massless two-form gauge the@8y9]. To be precise, itis tions are not all independent, and such theories are known as
the translational subgrolif (2) of Wigner's little group for  “reducible gauge systemg’15,16. Our analysis shows that
massless particles that generates gauge transformations gauge generation by the translational grayg) in a reduc-
these theories. On the other hand, inHB)-dimensionaB ible gauge theory manifestly exhibits the reducibility of the
/AF theory, which is a topologically massive gauge theory,gauge transformationSec. Il)).
one needs to go beyori2), and it is aparticular represen- Second, one should note that, apart from the usual mass-
tation of the translational grouff(3) that generates the less gauge theories and topologically massive gauge theories,
gauge transformations in this theory. However, as shown iithere exist gauge theories that can be obtained by converting
[10], one can easily see th@{3) is a subgroup of Wigner's second class constrained systdinsthe language of Dirac’s
littte group for a massless particle in+4l dimensions, theory of constraint dynamigso first class(gauge systems
which generates gauge transformations in massless theorigsing the generalized canonical prescription of Batalin, Frad-
living in this higher dimensional space-time. It is further kin, and Tyutin[17]. By such a prescription one can obtain
shown in[10] that one can systematically derive the repre-from the massive gauge noninvariant theories theicl&tli
berg extended versions, which are massive as well as gauge
invariant[18]. Now, one may wonder if translational groups
*Present address: Theory Division, Saha Institute of NucleaBCt as gauge generators in such massive gauge theories as
Physics, 1/AF Bidhan Nagar, Calcutta 70064, India. E-mail addressvell. If so, what would be the representations of these groups

toms@theory.saha.ernet.in that generate such gauge transformations? In the present
IA group of translations im-dimensional space is denoted by Study, we delve into these questions and show that the same
T(n). representation of the translational group(3) that
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generates gauge transformation in the topologically massivpolarization vectoe#(k), the gauge transformation and the
B/\F theory also generates gauge transformation in thequation of motion for Maxwell theory are expressed, re-
Stickelberg extended versions of the Proca, Einstein-Paulispectively, as follows;

Fierz (EPP, and massive KR theorigSec. V). C s .

Finally, it will be shown that, just as in topologically mas- eu(K)—e () =2, (K)+if(k)k,, &)
sive gauge theories, dimensional descent can also be used to Keh— Ktk £=0 @)
obtain the polarization vector®r tensory and momentum v ’
vectors of the Sttkelberg models and the gauge generating ~ i ~ iK.
representation of the translational group in such models, b heref(x) has been written ab(x)=f(k)e"*. The mas-

starting from appropriate theories in one higher space-time'y® (iXCIta'[_IOHS corresponding k80 lead to the solution
dimension(Sec. \J. e*ack®, which can therefore be gauged away by a suitable

Notation We uses,», etc., for denoting indices in (3 choice of f(k) in Eq. (3). For massless excitationkq

= iti M= i 1
+1)-dimensional space-time. The lettér$, etc., are used 0), the Lorentz conditiork,s"=0 follows immediately

for (4+ 1)-dimensional space-time except in Sec. 1V, wheregicr)?ctiqn' (4)th20rfgurr)—hn?gor2 eﬂtjr?]ergﬁnpr%%agxtrli?tgerl]n t:g

they represent spatial components of-HB)-dimensional =(,0,00)T. It then follows from Eq.(4) that the corre-

vectors and tensors. The metric used is mostly negative. W§ponding polarization tensors“(k) takes the form

denote polarization vectors by, , polarization tensors of (.o .1 .2 ¢%), which can be reduced to the maximally re-
two-form theories bye,,, and those of symmetric second q,ced forn

rank tensor fields by, .

e"(k)=(0,e1,62,0)7 (5)
Il. WIGNER'S LITTLE GROUP AS A GENERATOR by the gauge transformatiaB) with f(k) =ic% w. Note that
OF GAUGE TRANSFORMATIONS IN VARIOUS the maximally reduced forntb) of e* displays just the two
THEORIES physical degrees of freedoat and &2

Historically, the gauge generating property of the little We now digress briefly to recapitulate the essential as-

group was first studied in the context of free Maxwell theoryPECtS Of Wigner's little group. Wigner's little groupy is
[3-5], where it was shown that the action of the little group d€fined as the subgroup of the homogeneous Lorentz group

on the polarization vector of Maxwell photons amounts to at'at Preserves the energy-momentum vector of a particle:

gauge transformation in momentum space. As is well known, WHE KY=KH. 6)
free Maxwell theory is described by the Lagrangian .

1 wherek* is an arbitrary, but fixed, vector on the mass shell
L==Z2FLF" Fu=0,A=0,A,, 1) M pe={k¢k?=m?}. M 2 is acted on transitively by the
Lorentz groupL. The little groupW(k) is the stability sub-
group ofL so thatM . can be identified as a homogeneous
coset spac&/W. Itis obvious that, in 31 dimensions, the
little group for a massive particle is the rotational group
SO(3). On theother hand, for a massless particle, the little
group is isomorphic to the Euclidean groHf2), which is a
semidirect product 080(2) andT(2)—thegroup of trans-
AR(X) = e*(k)ek X, (2)  lations in the two-dimensional plaj&]. The explicit repre-
sentation of Wigner’s little groupV, that preserves the four-
where only a single mode is considered and the positivenomenturrk”=(w,0,0)" of a photon of energw moving
frequency part is suppressed for simplicity. In terms of thein the z direction is given by{3]

which is invariant under the gauge transformatiap(x)
—A,(X)+3,T(x), whereT(x) is an arbitrary scalar func-
tion. The Lagrangianl) leads to the equation of motion
d,F#*=0. Denoting the polarization vector of a photon by
e*(Kk), a solution of this equation can be written as

24 g2 2492
1+ P 2q pcos¢—qsing psing+qcosy — P 2q
W 4= p COS¢ sing -p @
(PG d)= q —sing cos¢ —q '
2402 2492
P 2q pcos¢p—qsing psing+qcose 1—p 2q

2This procedure of obtaining the maximally reduced polarization vectors or tensors of various theories by choosing a plane wave solution
for the corresponding equation of motion will henceforth be referred to as the “plane wave method.”
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Here p and g are real parameters. This little group can be lll. PARTIAL GAUGE GENERATION BY  T(2)
written asW,(p,q; ¢)=W(p,q)R(#), where IN MASSLESS TENSOR GAUGE THEORIES
_ . It was argued, respectively, i8] and [6,14] that the
W(p.a)=Wa(P.0:0) translational groupl'(2) in the representatio(8) generates
p2+0? p?+02 gauge transformations in @31)-dimensional massless KR
I+—— P 4 —— theory and in linearized gravity. As pointed out[#), gauge
generation byl (2) in linearized gravity is subject to certain
_ P 10 -P ®) restrictions. Here we make a closer examination of this par-
q 0 1 —q tial gauge generation by(2) in linearized gravity, revealing
p2+ P p2+ 2 some aspects that went unnoticed before. We also show that
5 p q 1- > T(2) generates only a restricted set of gauge transformations

in massless KR theory, and that the reducible nature of its
auge transformations is reflected in this partial gauge gen-
ration, points that were missed in earlier studies.

We first consider linearized gravityvhich is governed by
the Lagrangian

is a particular representation of the translational subgrou&
T(2) of the little group andR(¢) represents &O(2) rota-
tion about thez axis. Note that the representatio¥(p,q)
satisfies the relatiolV(p,q)W(p,q)=W(p+p,q+q).

Under the action of the translational grodg2) in Eq. rE Eh
(8), the maximally reduced polarization vect@) of Max- L2 wy
well theory transforms as follows:

14 1 14
R{ _EW’L R

1
RE"=5 (= O+ g49,n ™+ 33 h— #*h), (11)

psl-l-qs2

w

et—e'F=WH (p,q)e’=¢et+

k#. (9

where R[*” is the linearized Ricci tensor while=h¢ and

Clearly, this can be identified as a gauge transformation oRL = RL«- Linearized gravity is invariant under the gauge
the form of(3) by choosingf (k) = (pe*+qe?)/iw, thus dis-  ransformation
playing the gauge generating property of Wigner's little BP0V R 27 (x) = h2Y(x) + 9EFY(X) + 9 F#
group for massless particles in free Maxwell theory. Con- W)= ) =00 + 9587 (x) 700 (12)
versely, any general gauge transformatigm momentum Adopting the ansatz [analogous to Eq. (2)] h*”
spacg in Maxwell theory can be viewed as resulting from = y**(k)e'*"*, wherey*" is the symmetric polarization ten-
the action of the translational groMg(p,q) on the polariza-  sor, the gauge transformati¢h2) can be written in the mo-
tion vector of the theory. mentum space as

The same translational grouf(2) in the representation Y iy ) )
(8) generates gauge transformations in+(B)-dimensional X = xR = x* (k) + k(K + k() (139)
linearized gra\_1||ty[h14] andhKaIb—Ramo_nd th::or[,B]. If—low— _with 7#(x)=¢*(k)e* . Now, following the plane wave
ever, as we will show in the next section, the transformation,q,4 as described fii4], one can obtain the maximally
generated byl (2) is only a subset of the whole spectrum of o q;ceq form of the polarization tensor corresponding to a

gauge transformations in these massless tensor gauge th srticle with the four-momenturk“= (.0.0w)T. given b
ries. On the other hand, in the case of the topologically mas%-%l (2,0.00)", 9 y

sive B/AF gauge theory19], the translational grouf8) fails 0 0 0 O
to act as a gauge generator. The generator of gauge transfor- 0a b 0
mations inB/\F theory is shown i8] to be the transla- {x*"}= (14
tional groupT(3) in the representation 0O b -a 0
0 0 0 O

-

(For another derivation sd@0].) Herea andb are free pa-

rameters representing the two physical degrees of freedom in
(100 (3+1)-dimensional linearized gravify. Notice that the
maximally reduced forn{14) of the polarization tensor sat-
isfies the momentum space harmonic gauge condkjoyt,
=3k, x} [20].

D(p,q,r)=

o O o P
o O r T
o r O Q0
P O O

(wherep,q,r are real parametersAnother representation of
T(3), inherited from the defining representation of Wigner’s

little group for massless pgmclgs inH4L Q|men_5|ons, 9€N- 3 linearized gravity, the metrig,,, is assumed to be close to the
erates gauge transformations in{4)-dimensional Max- it packground pary,,, and one writeg,,,= 7,,,+h,,, with de-
well theory. The close relationship between these differentiation |h,,|<1. Raising and lowering of indices are done "
representations df(3) is analyzed in detail ifil0] using the  and 5, respectively.

method called dimensional descent, which will be discussed?Linearized gravity ind dimensions hasi(d—3)/2 degrees of
in Sec. V in the present context. freedom([20].
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It is now easy to show that the action of the translational gna{p,q) (8) on the polarization tens@f4) is equivalent to
a gauge transformation:

X = =W(p,){x*"IW'(p,q)

[(p*—g®a+2pgb] (patqgb) (pb—qga) [(p*’—g®)a+2pqb]
(pa+qgb) 0 0 (pa+qgb)
(pb—qa) 0 0 (pb—qga)

[(p*—q)a+2pgb] (pat+gb) (pb—ga) [(p*-gda+2pqb]

=[x*"}+ (15

The above transformation can be cast in the form of a gaugean be expresse@vithout any restrictionsin terms of the
transformation(13) with the following choice for the arbi- two parameters ofV(p,q) in gauge generation by the little

trary functions*(k) [14]: group, as is evident from Ed9). Hence the translational
subgroup of Wigner’s little group generates the full set of
,_Patgb gZZIOb—Qa gauge transformations in Maxwell theory.
o o We now consider the gauge transformations generated by
the translational grou@/(p,q) in massless KR theory, which
0 .3 (p>—g?a+2pqgb has a second rank antisymmetric tensor as its basic field. The
== 2w : (16 kR theory is described by the Lagrangian
However, since&k“=(w,0,0)", the general gauge transfor-
mation for{x*"} (14) has the form _ v _
Xy (14 L= SH A, Hun = 0,80+ 0,8y, + 3,Byy
= kR + ke (18)
20 H 2+
& 0O 0 e where B, is the second rank antisymmetric gauge field
={x""1tw (B,,=—B,,). The KR theory is invariant under the gauge

§2 0 0 4«2
(°+ & 28

transformation

(17 B,y (X)— B, () =B, () ,F ()= 3,F (x), (19)

M
Upon comparing the above form of general gauge transfor-
mation with the one generated BV(p,q) given in Eq.(15),

it becomes clear that the latter is only a special case of thé:
former, as the relations ifil6) restrict the number of inde-
pendent components of the arbitrary vectdr Therefore,

the translational subgroup(2) of Wigner’s little group for 1) —

massless particles g%neg(te:)s only g subset ofgthe ?ull set of Fu)=Fu00=Fu00+9,8(x) 20
gauge transformations in linearized gravity. In this connec-

tion one must notice that the gauge freedom in I_inearizecﬂwhereﬁ(x) is an arbitrary scalar functidrihe gauge trans-
gravity is represented by the arbitrary vector variable  formation (19) remains “invariant. In particular, ifF,

with four components, while the translational grolip2) — —; A, the gauge transformation vanishes trivially. This is
has only two parameters. Naturally, in gauge generation byngwn as the “gauge invariance of gauge transformations”
W(p,q) n linearized gravity, only two of the four compo- g js a typical property of reducible gauge thedrighere
nents of¢* remain independerfis is evident from Eq17)]  the generators of gauge transformations are not all indepen-
when expressed in terms of the two parametgrs)X, and  gent[15]. Hence there exists some superfluity in the gauge

therefore the gauge generation is only partial. It was noted iy ansformation(19). The maximally reduced form of the an-
[6] that the gauge generation by the little group in linearized

gravity is subject to the “Lorentz conditionk,{*(k)=0.

This can also be seen frTom the third relatigh=£2 in Eq. Notice a crucial difference in the case of linearized gravity,
(16), sincek”=(w,0,0w) . Thus, our present analysis has which has the symmetric tenshr,, as its underlying gauge field.
unraveled all the constraints behind the partial gauge genergmder a transformation of the typ@0), the gauge transformation
tion by Wigner’s little group in linearized gravity. In con- (12) changes. This shows that, unlike in KR theory, there is no
trast, the gauge freedom in free Maxwell theory is repregauge invariance of gauge transformation in linearized gravity,
sented by a single arbitrary scalar varialb{g) (3) which  which is not a reducible gauge system.

hereF ,(x) are arbitrary functions. One can see that under
e transformation
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tisymmetric polarization tensar” associated with the two- theory is only partial. Moreover, here also the arbitrary func-
form potentialB*” (=&*"e'*¥) of KR theory was obtained tion f#(k) satisfies the Lorentz conditidk, f#(k) =0 since
in [8] using the plane wave method as f9=13[Eq. (29)].

It is important to notice that in Eq24), while the com-

0 O ponentsf! andf? of f# are expressed in terms of the param-
1 0 etersp,q of the translational groupV(p,q), the other two
{er=g12 . (21)  components i°,1%) are independent of the parametéasd
-1.00 of the maximally reduced polarization tens@nd are left
0O 0 O completely undetermined subject only to the constrdfht

=f3. Thus, in gauge generation MW/(p,q) in KR theory,
Notice that, as in Maxwell and linearized gravity theories,corresponding to any given paif(f?) there exists a con-
this form of the polarization tensor satisfies the Lorentz continuum of allowed choices fai® (=f3) representative of the
dition k,,&#”=0 corresponding t@,B*"=0. In the case of invariance of gauge transformatio(ik9) under(20). There-
KR theory, the counterpart of the momentum space gaugtore, the partial gauge generation ¥¥(p,q) in massless KR

transformation(13) is given by theory clearly exhibits the reducibility of its gauge transfor-
mations. This may be compared to the gauge generéiin
etr(k)—e'**(k)=e""(k) +i[ k*f¥(k) —Kk*f#(k)], in linearized gravity byW(p,q), where all the components

(22)  of the arbitrary vector variabl¢” are expressed in terms of
the parametersp(q) [see Eq.(16)], hence indicating the
where f (k) are arbitrary and independent functions lof absence of any reducibility in the gauge transformation of
[with FM(x)=fM(k)e'k‘X]. The transformation ofe,,} un-  the theory.

der the translational groug/(p,q) (8) can be written as Notice that the transformatiof20) is of same form as the
N gauge transformation in Maxwell theory wheA{p,q) acts
{e""}—={e" "} =W(p,q){e*"}W'(p,q) as the gauge generator. Hence, the gauge transforn{atipn

of gauge transformations in KR theory may be considered as

0 a9 p 0 being generated by the translational gradpp,q). Thus, in
o 1o 0 0 ¢ KR theory, which is a two-form gauge theory, two indepen-
={e"+e™| _ p 0 0 —p (23 dent elements of the translational gratfp,q) are involved
in generating gauge transformations, one for the underlying
0 -9 p O two-form field B,,, and the other for the field ,, which

corresponds to the gauge freedom of the theory. In gauge
generation for massless theories by the translational group
12 12 W(p,q), we therefore perceive an appealing hierarchical
flo _98 ’ fzzps o f3=10, (24) structure starting from the Maxwelbne-form and KR (two-
lw lw form) theories; namely, in an-form theory,n elements of
the translational groupV(p,q) are involved in gauge gen-

As in the case of linearized gravity, on account of the re-eration. It is expected that this hierarchical structure contin-
quirementf3=f°, the gauge transformations generated byues for higher form gauge theories as well.
the translational group also fail to include the entire set of
gauge transformations in KR theory. Analogous to Bd),
the general form of gauge transformati(#®) in the matrix IV. MASSIVE GAUGE THEORIES
form is

This can be cast in the form of E¢R2) with

In this section we study the relationship between the
0 (1 f2 f0_¢3 translational groups and gauge transformation in gauge theo-
ries that are obtained from massive theories through the
-f+ o o -—f! Stickelberg mechanism. Only ¢31)-dimensional theories
et —{e M ={e"} ol o o o —f | are considered in this section.

f3—f0 f1 2 0
(25) A. Massive vector gauge theory
One can render the (B1)-dimensional Proca theory

(which does not possess any gauge symmefayige invari-

?(?Esf3“°tTthh?“$25f)' bUtt?S 02n:|3y a specitatl castetof(nvhere o ant by the Stokelberg mechanism with the introduction of a
=17). The transformatior(23) is an attempt to generate o\ ccalar fieldy(x) as follows:

the gauge equivalence class of the maximally reduced polar-
ization tenson21) of KR theory using only the two param- 1 m2

eters of the translational grody(p,q), while the full gauge L== g Fu "+ — (At dua) (A +d a).  (26)
freedom of the theory is represented by the arbitrary four-

vector variablef#(k). Hence, analogous to the case of lin-

earized gravity, gauge generationW(p,q) in massless KR The Lagrangian remains invariant under the transformations

which makes it quite explicit that the transformatiGa3)
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AL ()—ALX)=A,(X) +d,A(X), The above transformation can be cast in the form of the
momentum space gauge transformation
a(x)—a'(X)=a(x)—A(x), (27) el el +ikMN(K) (34)
whereA(x) is an arbitrary scalar function. The equations of \yhere A (x) =\ (k)e*'X] corresponding to the field\(x),
motion for the theory are by choosing the field\ (x) such that
—9"F ,,+mi(A,+d,a)=0, J*(A,+d,a)=0. (pel+qe?+rsd)
(28 AKk)= o . (35

One must notice that by operatiidg on the first equation in . L . .
(28) one yields the second. Hence the latter is a consequence As ment!oned before, it is pc_JSS|bIe to obtain the gauge
of the former. This implies that the gauge transformation ofiransformation property of the field from that of theA”
the « field can be deduced by knowing that of thé field. ~ field. Consider the second relation i30), i.e., a
Similarly to Eq. (2), here we adopt the ansata,(x) =ik,e*/m? and lete* undergo the gauge transformation
=& ,exp(k-X) and a(x) = a(K)exp(k-x). In terms of the po- (34), which has the effect of making a corresponding trans-

larization vectore ,(k), the equations of motiori28) be- formation in thea field:
come, respectively, T ik, (4 +ikiN) ik ,e"
_ 5 a—a'= =
K'(K,e,—K,e,)+ m2(8M+ ik,a)=0, ik"(e,+ik,a)=0. m
(29) Here A is given by Eq.(35), corresponding to the gauge
For massless excitatiokd=0, the second equation {29)  transformation generated by the translational gro(g) in
gives the Lorentz conditiok,&"=0 which when substituted the A*(x) field. Notice that the above equati¢86) corre-
in the first givese ,= —ik,,a. Since this is a solution pro- sponds to the second equatior(27). We have thus obtained

portional to the foﬁr_momentum , it can be gauged away the gauge transformation generated in thdield by T(3)

by an appropriate choice of the gauge. Thus massless exé(—om that in theA ,(x) field. It follows therefore that the

tations are gauge artifacts. Adr= M2 (massive excitations  fleld can be gauged away completely by a suitable gauge

the equations of motiof29) become f|xmg condition(unitary gaugg and it does not appear in the
physical spectrum of the theory.

ik,e” Hence it is obvious that the representatibfp,q,r) of

T(3) generates gauge transformations in the massive vector

—A=a—\. (36

2 2

m

(M?—M?)e”+k Kk, e”+im*k“a=0, a=

>
M (30 gauge theory governed by E@6).
Substituting the second equation (@0) in the first yields B. Massive symmetric tensor gauge theory
m?2 Consider the massive and gauge noninvariant Einstein-
(M?—=M?)e#+K,e"k*| 1— IVE =0. (31)  Pauli-Fierz theory in 3-1 dimensions as given by the La-

grangian

Now, Eq.(31) can be satisfied only i1 =m. Therefore, the 1
mass of the excitation is given byitself, and the rest frame EEPF=§h,L,,
momentum four-vector of the theory can be writtenkds 37)
=(m,0,0,0). Then, in the rest frame the second equation in

(29) giveseo= —ima. Therefore, the polarization vector of JUSt as the Proca theofgec. IVA) can be made gauge
the A%(x) field in Eq. (26) can be written ass” invariant by the Stckelberg mechanism, the linearized EPF
NT theory can also be made gauge invariant by introducing an
) additional vector fieldA* as follows:

2
)7
— S 1(h,,)2= 2],

2% 1 v
R — 577” RL

=(—ima,et,e2,6%7, and a gauge transformation with the
choice A (x) = a(x) yields its maximally reduced form

1 1
gh=(0,ete%,ed)T, (32 gEPFZEhW Rfv_E’OWRL
where the free components',e2,¢3 represents the three )
physical degrees of freedom in the theory. One must note N n n 2_(hi2g.A)2
that Eq.(32) is of the same form as that of ti\F theory 2 [Ny, A+ A= (N+29- A7)
polarization vectof8]. Therefore, just as in the case Bf (39)

/\F theory, the action of the representatidqp,q,r) (10) of

T(3) on the polarization vectof32) amounts to a gauge The theory described by E(B8) is invariant under the gauge
transformation in Sttkelberg extended Proca theory: transformations

i R =
elt—e'*=D* (p,q,r)e"=ek+ ﬁ(psl+q82+rs3)k“. M=y =Pt duAut aA,,
33 A LX) ALX) = AL (0~ A, (X). (39)
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The equations of motion fdn,, andA, are given, respec- Similarly, the (@) component of Eq.(43) gives xgi=

tively, by the following equations: —iMeg;. Now, the (j) component of Eq(43) is given by
—0Oh#"+9#9,h*"+ 3" ,h** = "3"h k2xij— ik (x— x®) — w®Lxi;— iy (x +2iM %) ]=0.
(00— 3,05hB) — 2] (W47 + AT+ 3AR) , _ (46)
Using Eq.(45), the above equation can be reduced to
- n*"(h+24-A)]=0, 40 .
7 )] 40 k2xij — 12 xij — mij(x +2iM %) ]=0. (47)
OA*+9,h""—g*h—a*(9-A)=0. (41

By adding up the three equations obtained by successively
Analogously to the case of massive vector gauge theory digsettingi=j=1,2,3 in Eq.(47), and subsequently using Eq.
cussed before, the equation of moti6fl) for A* can be  (45), we arrive atyoo= —2iM&o. On the other hand, when
obtained from Eq(40) by applying the operatad, . There-  i#] EQ. (47) reduces to
fore, gauge transformation &* is obtainable by knowing 2_M2)y. =0 48

. o : s (u )Xij=0. (48)
the gauge transformation of tie” field via a method simi- o )
lar to the one discussed in Sec. IV A for the case ofcgtuy At this juncture, notice that only two of the three components
elberg extended Proca theory. Wi, (x) = x,,,(k)e’*and  Xii»i=1,2,3, are independent on account of E&p). Also,
A, (x)=¢,(k)e**, we now employ the plane wave method the xoo @nd xo; components can be set equal to zero by
to obtain the maximally reduced polarization tenggy, in-  choosing the arbitrary field, to be A, . Therefore, ify;,
volved in theh,,, field. In the momentum space, the gauge =0 (for i#]) in the above equatio48), the number of

transformation€39) can be written as independent components gf,, will be only two. Since this
, _ _ , is not the case, we can satisfy E48) only if u?=M?. Thus
Xur= Xpr=Xur T 1KLL HTKE,, 8y—e, =e,— L, we see that the parameterrepresents the mass of the physi-

(42 cal excitations of the fielth,,, and that its polarization tensor
[whereA ,(x) = ¢, (k)exp(k-X)], and the equation of motion is

(40) for h,, as —2ipey —ipe, —ipe, —iuej
K2 = KK X = KK o X “#+ KPRy ) —iue; X11 X12 X13
Xuvi = : )
+ (= Kox+KoKpx “P) — P xH +ik ke +ik ek g —lpnez X2 X22 X23
— 7 (x+ 2iK &%) ]=0. (43) —lpes X13 X23 X33
On contracting withp,,,, and considering only masslese’( X117 X2+ x33=0. (49
=0) excitations, Eq(43) reduces to As mentioned before, by choosing the fielg to beA,, and
2k,w)(’”+,u2[3(x+ 2ik ,&#)]=0. (44) making a gauge transformation, the above form of the polar-

ization tensor can be converted to its maximally reduced

The solution of the above equation ig“’=—i(ke"  form given by

+k’s*). Hence it is also the solution of E¢43) with k?

=0. It is obvious that this solution is a gauge artifact since 0 0 0 0

one can choose the arbitrary vector fiedd,=A, so as to 0 Xx11 X12 Xi3

make this solution vanish. xuwld=| » X1t X227t x33=0.
0

Next we consider the massive cas€£M?2 M #0) and X1z X2z Xas

consider thg00) component of the equation of motigA3) X13 X23 X33
which, by straightforward algebra, can be reduced to (50)
The action ofD(p,q,r) on the polarization tensdry ,,}
X+ x%+ x33=0. (45 (50) is given by
|
{Xurt—={Xu} =D(P,q,r ){x,.,}DT(p,0,1)
P(PX11TAX 12t X13)
Px11tdx12 PXx12tdx22 PXx13tdX23
+Ad(px12t Ax22t T X23)
+rXx13 +rx23 +IX33
+r(px13t dxzstrxas)
=Xt + Px11tax12t T X13 0 0 0 : (52)
PXx12F OX 227 X23 0 0 0
PXx13t OX23t I X33 0 0 0
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By choosing d,(B*"+d*A"—g"A*)=0. (55)

As in the case of the Stlieelberg extended massive theories
considered previously in Secs. IVA and IV B, the equation
of motion (55) for A” can be obtained from E¢54) by the
application of the operatat, . Hence, one can easily obtain

1
§o:§(p§1+ ado+ris),

§1:;(pxn+ Ax12+X19), the gauge transformation of ti#¢ field from that of theB™
field.
_ i( + a9 In order to obtain the maximally reduced polarization ten-
£2= M PX127 Ax22T T X23): sore#*(k) corresponding to the antisymmetric fiebd”(x),

as usual we use the ansaB’(x)=e*"(k)e'**, A¥(x)
. B =g#(k)e'* * and employ the plane wave method. The mo-
53—;(pX13+ Ax2atTxssh  Xa1tX22 T Xss= 0, mentum space gauge transformations6f(k) now has the

o ) same form as Eq22). The equation of motioit54) can be
it is straightforward to see that E¢61) has the form of the \yitten (in momentum spageas

gauge transformation of,, [see EQ.(42)]. Notice that,

when one makes the choices for the componénts,, {5 in — k2™ —kk M — KMk e+ mP (e +ik e —ik e )
terms of the three parametqrgy,r of the translational group _

T(3), thecomponent, is automatically fixed. Therefore, in =0. (56)
the gauge transformatiofb1) generated by the representa- |t k2— (massless excitationsthe above equation reduces
tion D(p,q,r) of T(3), only the three space components of
the arbitrary field{, remain independent, whereas for the b \ S x
generation of the complete set of gauge transformatiés —k"k e =Kk e+ mi(e " +ik et —ik e ") =0,

all four components of,, should be independent of one (57
another. Hence, the above gauge transformatibiisgener-  the most general solution for which is

ated by the translational group(p,q,r) do not exhaust the N N i o
complete set of gauge transformations available to the mas- e"(k)=C(ik"e"~ik"e")+D(e""k2,), (58

sive symmetric tensor gauge theory. As mentioned beforg,nore ¢ and D are constants to be fixed. Substituting this
the gauge transformation of the, field can be obtained solution(58) in Eq. (57), we can easily see th@=—1 and

from that of theh ,, field, although the former does not ap- 5 _q Therefore, the solution to E¢56) corresponding to

pear in the physical spectrum of the theory. massless excitations is” (k) = —ik”e+ ik s”. However,
. . . such solutions can be gauged away by choosing the arbitrary
C. Massive antisymmetric tensor gauge theory field A#(x)=A*(x), which shows that massless excitations

Here we discuss the role of the translational grdy)  are gauge artifacts.

as gauge generator in the Skelberg extended massive KR Next we consider the massive cdde=M?*(M #0) where

theory, which is another example of a reducible gaugdt is possible to go to the rest frame where*

theory. Although the analysis in this case closely resembles (M,0,0,0)". In the rest frame, the equation of moti56)

that for Stickelberg extended EPF theory, here the reducibilfeduces to

ity of th.e gauge transformation.is manifested in the gauge m2— M2)e "™ — M (k”e 0+ k%) + m2(ik e — ik e ”) = 0.

generation byT(3). ThelLagrangian of the Stikelberg ex- (59

tended massive KR theory is
2

1 o m
L= 1—HW)\H _T(Buﬁ A, —d,A,)

Note that, since the polarization tensd? is antisymmetric,

all its diagonal entries are automatically zero. Considering
the components of Eq59) for which (v=0\=i), we have
e'%=iMe'. For (v=i,A=]) with i #]j, Eq. (59 gives (m?
—M?)e!l=0. This leads to two possibilities; eithe¥ =0 or
M?=m?. The former possibility can be ruled out by the
efollowing reasoning. Since Ed52) is the first class version
(obtained by a Stkelberg extension mechanisof massive

X (BHY 4 gHAY — 9V AM). (52)

It can easily be verified that this theory is invariant under th
joint gauge transformations

B,,(X) =B ,,(X)+d,F,(X)—d,F ,(x), KR theory possessing three physical degrees of freedom
[18], the theory described by E¢62) also must inherit the
AL (X)—=A L (X)—A L (X). (53 same number of degrees of freedom. However,efleele-
® © ® . .
ments can all be made to vanish by the gauge chadige
Here we must notice that the gauge transformatioB gf is =A,, . Therefore the possibility" =0 leads to a null theory

reducible exactly like that in massless KR theory. The equaand hence should be discounted. So we Hd¥e-m?, which
tions of motion(corresponding taB,, and A,) following is also consistent with the number of degrees of freedom.

from Eq. (52) are given by Finally, analogous to Eq50), the maximally reduced form
of the polarization tensor corresponding to Esp) is given
9, H*"™ +m?(B"™ + 9"A*— P A”) =0, (54 by
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0 0 0
0 0 812 813

{et"}= 0 —gl2 0 e23]" (60)
0 —-&¥® -2 0

As in the case of Stkelberg extended EPF theory, tAg field disappears from the physical spectrum in this case also. Here
it must be emphasized that the maximally reduced polarization teng®f\&f theory also has the same fo®0). This is not
surprising, since the physical sector®f\F theory is equivalent to massive KR theory, whose first class version is the theory
(52) under consideration noyd8]. We now study the action dd(p,q,r) on Eq.(60), given by

0 _q812_r813 p812_r823 p813+QS23
qet?+retd 0 0 0
{e#}—{e*"}' =D(p,a,){e*"}DT(p. A1) ={e*}+| —pgl2irg?3 0 0 0
—pet*-qs® 0 0 0

(61)

This can be considered to be the gauge transformatieri®of ments ofT(3) are involved as generators of gauge transfor-

(22) if we choose mations, one element for the gauge transformation of the
1 1 field B#” and a second element for the “gauge transforma-
fl=—(qet+reld), f2=—(—pe¥?+re?d), tion” F¥—F#+ ¢*B, which corresponds to the reducibility
m m

of gauge freedom iB*”. [ This transformation is of the same
-1 form as the first transformation in ER7) corresponding to
f3=—(pe¥+qe?). (62)  massive vector theory, and hence may be considered to be
m generated byl (3).]
Note that the component® remains completely undeter-
mined and does not depend at all either on the parameters V. DIMENSIONAL DESCENT

p,q,r of T(3) or on the maximally reduced polarization ten-  pimensional descerjtL0] is a method by which one can
sor of the theory, whereas the other componéhtt”,f> are  gptain the energy-momentum vector, polarization tensor, and
determined by these parameters and the elements of the pgauge generating representation of the translational subgroup
larization tensor. Hencd,(3) generates the complete set of of Wigner's little group, etc., in a massive gauge theory liv-
gauge transformations in the Skelberg extended massive ing in a certain space-time dimension from similar results for
KR theory. Interestingly, it is exactly in the same fashion asgauge theories in one higher dimension. In this sense, dimen-
in the present caséof Stickelberg extended massive KR sional descent is a unification scheme for the results pre-
theory that gauge transformations B/\F theory are gen- sented in the previous sections. A closely related concept is
erated by the translational groi(p,q,r) (we refer to[8]  the idea of “dimensional reduction” by which massless theo-
for detailg. Analogously to the gauge transformation gener-ries in a given dimension can be related to massive theories
ated byW(p,q) in massless KR theory, for any given set of in a space of one lower dimension, as can be seen [f&iin
(f1,£2,1%) we have a continuum of values f6f, represent-  Similar ideas are also used in the context of string theory,
ing the reducibility of the gauge transformation in the under-where a massive particle is viewed as a massless particle in
lying two-form field both in the Stekelberg extended first one higher dimension with the mass being considered as the
class version of massive KR theory and in 88 F theory.  momentum component along the additional dimen$i#].
Therefore, the complete independence of the time compo- We begin our discussion of dimensional descent by noting
nent of f# of the maximally reduced polarization tensor andthat the translational group(3), which generates gauge
of the parameters of the grol(p,q,r) is a consequence of transformations in (3-1)-dimensionalB/\F theory and in
the reducibility of the gauge transformations of these theothe massive excitations of Stkelberg extended Proca and
ries. EPF theories, is an invariant subgroupEqf3). Now, just as
Analogous to the hierarchical structure involving the ele-E(2) is the generator of gauge transformations in four-
ments of T(2) present in the gauge generation in masslesgimensional Maxwell theory&(3) generates gauge transfor-
n-form theories, there is a hierarchical structure in the gaugenations in five-dimensional Maxwell theory. This indicates
transformations generated @Y 3) in massiven-form theo-  that the generators of gauge transformations in the above
ries also. In Sec. IV A we saw that an elemenfl§B) gen- mentioned massive gauge theories and five-dimensional
erates gauge transformations in a massive one-form theotylaxwell theory are related.
(the Sickelberg extended Proca theprin the massive two- An element of Wigner’s little group in five dimensions
form (Stickelberg extended massive KRheory, two ele- [10] can be written as
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p2+q2+r? p2+q2+r?

o
-p

Ws(p,q.r; ¢, ¢,m)= q R, ¢, 7) —q , (63

r -r

p2+q2+r? p2+q2+r2
2 a ri-—

|
where p,q,r are any real numbers, whildR(y,¢,7) si_>8'i:£i+58i:W5(p,q,r)ijsi

e SO(3), with (¥, ¢, n) being a triplet of Euler angles. The
corresponding element of the translational grdf) can be
trivially obtained by settindR(#, ¢, ) to be the identity ma-
trix and will be denoted byV(p,q,r)=Ws(p,q,r;0). o o ) )

Let us now consider free Maxwell theory in five dimen- This is indeed a gauge transformation int(2)-dimensional
sions (C=—-4}FF;;,1,j=0,1,2,3,4). For a photon of en- Maxwell theory. Applying the projection operat®r (66) on
ergy o (in five-dimensional space-timeropagating in the ~(68) yields
i =4 direction, the momentum five-vector is given by

k'=(v,0,0,00)7. (64)

By following the plane wave method and proceeding exactlyqeres#=(0,e1,£2,¢3)T corresponds to the polarization vec-

as in Sec. Il, one can show that the maximally reduced formy in the Stickelberg extended Proca theory akitlis the

of the polarization vector of the photon is momentum vector of a particle at rest in-3 dimensions.
e'=(0,et,62,63,0)7, (65  (Here, the time component of a five-dimensional massless

12 3 particle, moving along the extra fifth dimension, is identified
where £7,6%,¢” represent the three transverse degrees Ofiith the massw of a massive particle at rest in four-

freedom(since the polarization vector satisfies the “Lorentz gimensional space-timeModulo ani factor, this is precisely
"e'ki=0). If we now suppress the last row of the oy the polarization vectors in the massive gauge theory

. k
:8|+(p81+q&‘2+r83)5. (68

o1
58”='P§8'=Z(p81+q82+rss)k”. (69

gauge” ¢
column matrice' (64) ande' (65), we end up, respectively, (26) transform under gauge transformatidsse Sec. IV A
with the energy-momentum four-vector and the polarizationthe form of Eq.(69) makes it obvious that

vector of the Stakelberg extended Proca model i3 di-

mensions. This is equivalent to applying the projection op- oe*=D(p,q,r)e*—e*, (70

erator given by the matrix
i whereD(p,q,r) is given by Eq.(10). Thus, in this fashion

P=diag1,1,1,1,0 (66) e are able to derive the gauge generating representation
to the momentum five-vectd64) and the polarization vector D(P,q.r) of T(3) in a massive vector field by a judicious
(65). Similarly, it is possible to derive the polarization tensor @Pplication of the projection operat®t (66) from the gauge
of Stickelberg extended EPF thea(38) from that of linear-  transformation relation of a higher dimensional massless
ized Einstein gravity in five dimensions by a proceduregauge theory. ;
analogous to the one described above. As was done in the We now consider the polarization matr{"'} (67) of
(3+1)-dimensional case, one can easily show that the maxiinearized gravity in five dimensiorfsior which the transfor-
mally reduced form of the polarization tensor of Mation under the action &V(p,q.r) is given by
(4+1)-dimensional linearized gravity is

0 0 0 o0 O
1,12 13 g

8In this regard, we recollect a comment madéiid] that a trans-
lational subgroup of Wigner’s little group for massless particles
generates gauge transformations only in ther (3-dimensional
version of linearized gravity, but not in its higher dimensional ver-
sions. This was mistakenly ascribed to the mismatch in the number
of degrees of freedoifrd(d— 3)/2] in higher dimensional linearized
0 0 0 O : .
67) gravity and the. num’be.r of parameterd—<2) of the tr.ansla.tlonal
subgroup of Wigner’s little group for massless particledin4.
By suppressing the last row and column of the polarizatiorjowever, this needs to be amended, as this mismatch is of no con-
tensor(67), one obtains the polarization tens@0) of the  sequence in this regard, and it must be stated that the translational
Stuckelberg extended EPF model i3 dimensions. For  subgroup generates gauge transformations for linearized gravity in
this purpose, consider the action\{p,q,r) one': any dimensiord=4.

{Xij}: 12 X22 X23 0

M 24 =0,
Y3 B ® 0

O O o o
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O = 1 =W(p,a,0){x" W (p,a,r) ={x"}+ s{x'}, The method of dimensional descent as applied in the
case of (3+1)-dimensionalB/\F theory was earlier dis-
where cussed irf10], where it was shown that one can arrive at the
Sy =18y} representatiod (p,q,r) of the translational grouf(3) by
considering the gauge transformation properties of
ap+bg+rc a b c¢ aptbg+rc (4+1)-dimensional massless KR theory. Since the physical
a 00 0 a sectors of Stokelberg extended massive KR theory aBd
/\F theory are equivalenfand hence possess identical rest
= b 0 0O b frame momentum four-vectors and maximally reduced polar-
c 00 0 C ization tensork it is possible to obtain the gauge generating
ap+batrc a b ¢ aprbg+re representatiorD(p,q,r) of T(3) for Stuckelberg extended

massive KR theory using dimensional descent, proceeding
(7))  exactly as was done ifL0] for the case oB/\F theory.

with a=px™+qx*?+rx*3 b=px*?2+qx?+re?, and c
=px B+ qx 2+ r x> with x4 x?2+ x*3=0. Again this can VI. CONCLUSION
easily be recognized as a gauge transformation
(4+1)-dimensional linearized gravity involving massless  The results of this study can be summarized as follows.
quanta, asix" can be expressed gk'¢'(k) +k!{'(K)] with e have shown that the representation of the translational
a suitable choice fot'(k), wherek'=(w,0,0,00)™. By ap-  T(3) that acts as a gauge generator in the topologically mas-
plying the projection operatoP on Eq. (71), we get the sjve B/A\F gauge theory also generates gauge transforma-
change (under gauge transformatibn in  the tions in the Stukelberg extended gauge invariant versions of
(3+1)-dimensional polarization matrigy**} (of Stickel-  the (3+1)-dimensional Proca, Einstein-Pauli-Fierz, and
berg extended EPF thedry by the formula 6{x*"}  massive Kalb-Ramond theories. This representatiofi(8
=Ps{x"}PT. This simply amounts to a deletion of the last along with the polarization vectors and tensors and the mo-
row and column o#{x"}. The result can be expressed more mentum four-vectors of these ‘8kelberg extended theories
compactly as are derived systematically using the method of dimensional
un un T fuv descent by starting from the appropriate massless gauge
= (DD =X, (72 theories living in (4+1)-dimensional space-time. We have
where D=D(p,q,r) [see Eq.(10)]. This has the precise also reexamined the gauge generation it (3-dimensional
form of the gauge transformation of the polarization matrixmassless tensor gauge theoriésearized gravity and Kalb-
of the Stickelberg extended EPF model, since it can be casramond theorigs by the translational groupl(2) and
in the form showed that gauge transformations generatedT{) in
these theories form only a subset of the whole spectrum of
ox*' =k (k) +k"¢*(k)] (73 gauge transformations available. Similarly, the gauge genera-
tion by T(3) in the Stwekelberg extended Einstein-Pauli-
Fierz theory is also partial. However, in tB&\F and Stick-
elberg extended massive Kalb-Ramond theories, the full set
of gauge transformations is generatedT{8). In this con-
nection, we have clarified several subtle points concerning
gauge generation by translational groups. It should be em-
D(p,q,r)=ePT1taT2"Ms=1 4 pT,+qT,+rT3, (74  phasized that in the case of reducible gauge systemass-
less Kalb-Ramond theora/\F theory, and the Stikelberg
so that the change in the polarization vecidr can be ex- extended massive Kalb-Ramond theagguge generation by
pressed as the action of a Lie algebra element the relevant translational groups manifestly exhibits the re-
_ ducibility of the gauge transformations. Furthermore, a hier-
el =(pTytqTo+rTg)er (79 archical structure is noticed in the gauge generation by trans-
In addition,D(p,q,r) also preserves the four-momentum of lational groups in both massive and massless theories having
a particle at rest. Thus we have shown how this representd-form fields as their basic gauge fields, namelypdepen-
tion (10) of T(3) can be connected to Wigner’s little group dent elements of the corresponding translational group are
for massless particles in41 dimensions through appropri- INvolved in the gauge generation in afform gauge theory.
ate projection in the intermediate steps, where the massless
particles moving in 41 dimensions can be associated with
a massive particle at rest it3L dimensions.

for a suitable#(k), wherek*=(u,0,0,0)". Here we have
identified w with .

Clearly, the generators T;=dD/dp,T,=dD/dq,T4
=dD/dr provide a commuting Lie algebra basis for the
groupT(3). One careasily verify that
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