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Translational groups as generators of gauge transformations
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We examine the gauge generating nature of the translational subgroup of Wigner’s little group for the case
of massless tensor gauge theories and show that the gauge transformations generated by the translational group
are only a subset of the complete set of gauge transformations. We also show that, just as in the case of
topologically massive gauge theories, translational groups act as generators of gauge transformations in gauge
theories obtained by extending massive gauge noninvariant theories by a Stu¨ckelberg mechanism. The repre-
sentations of the translational groups that generate gauge transformations in such Stu¨ckelberg extended theories
can be obtained by the method of dimensional descent. We illustrate these results with the examples of
Stückelberg extended first class versions of Proca, Einstein-Pauli-Fierz, and massive Kalb-Ramond theories in
311 dimensions. A detailed analysis of the partial gauge generation in massive and massless second rank
symmetric gauge theories is provided. The gauge transformations generated by the translational group in
two-form gauge theories are shown to explicitly manifest the reducibility of gauge transformations in these
theories.
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I. INTRODUCTION

Wigner’s little group is quite familiar to physicists mainl
because of its role in the classification of elementary p
ticles. Wigner introduced the concept of the little group in
seminal paper@1# published in 1939 and showed how pa
ticles can be classified on the basis of their spin or helic
quantum numbers using the little group. The little group a
relates the internal symmetries of massive and massless
ticles @2#. A comparatively lesser known facet of the litt
group is its role as a generator of gauge transformation
various Abelian gauge theories. This aspect of the little gro
was first noticed in the context of free Maxwell theory@3–5#
and linearized Einstein gravity@6#. Recently, it was shown
that the little group for massless particles acts as a gene
of gauge transformations in the case of other gauge theo
as well @7#. For example, the defining representation of t
little group is shown to generate gauge transformations
in the (311)-dimensional Kalb-Ramond~KR! theory, which
is a massless two-form gauge theory@8,9#. To be precise, it is
the translational subgroup1 T(2) of Wigner’s little group for
massless particles that generates gauge transformatio
these theories. On the other hand, in (311)-dimensionalB
`F theory, which is a topologically massive gauge theo
one needs to go beyondT(2), and it is aparticular represen
tation of the translational groupT(3) that generates th
gauge transformations in this theory. However, as shown
@10#, one can easily see thatT(3) is a subgroup of Wigner’s
little group for a massless particle in 411 dimensions,
which generates gauge transformations in massless the
living in this higher dimensional space-time. It is furth
shown in@10# that one can systematically derive the rep

*Present address: Theory Division, Saha Institute of Nuc
Physics, 1/AF Bidhan Nagar, Calcutta 70064, India. E-mail addr
toms@theory.saha.ernet.in

1A group of translations inn-dimensional space is denoted b
T(n).
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sentation of T(3) that acts as gauge generator
(311)-dimensionalB`F theory from the gauge transfor
mation properties of the free Maxwell and KR theories
411 dimensions using a method called ‘‘dimensional d
scent.’’ Similarly, dimensional descent can also be emplo
to obtain the gauge generating representations ofT(1) for
topologically massive Maxwell-Chern-Simons and lineariz
Einstein-Chern-Simons gauge theories@11–13# in 211 di-
mensions by starting, respectively, from Maxwell and line
ized gravity theories in 311 dimensions@10,14#.

Against this background, the purposes of the pres
study are the following. First, we make a closer analysis
the gauge generation by Wigner’s little group in massl
tensor gauge theories, namely, linearized gravity and Ka
Ramond theories, and unravel certain subtle points that w
unnoticed in earlier studies. We show that the translatio
groupT(2) generates only a subset of the full range of gau
transformations in these theories. Furthermore, in the cas
KR andB`F theories, the generators of gauge transform
tions are not all independent, and such theories are know
‘‘reducible gauge systems’’@15,16#. Our analysis shows tha
gauge generation by the translational groupT(2) in a reduc-
ible gauge theory manifestly exhibits the reducibility of th
gauge transformations~Sec. III!.

Second, one should note that, apart from the usual m
less gauge theories and topologically massive gauge theo
there exist gauge theories that can be obtained by conve
second class constrained systems~in the language of Dirac’s
theory of constraint dynamics! to first class~gauge! systems
using the generalized canonical prescription of Batalin, Fr
kin, and Tyutin@17#. By such a prescription one can obta
from the massive gauge noninvariant theories their Stu¨ckel-
berg extended versions, which are massive as well as ga
invariant@18#. Now, one may wonder if translational group
act as gauge generators in such massive gauge theori
well. If so, what would be the representations of these gro
that generate such gauge transformations? In the pre
study, we delve into these questions and show that the s
representation of the translational groupT(3) that

r
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generates gauge transformation in the topologically mas
B`F theory also generates gauge transformation in
Stückelberg extended versions of the Proca, Einstein-Pa
Fierz ~EPF!, and massive KR theories~Sec. IV!.

Finally, it will be shown that, just as in topologically ma
sive gauge theories, dimensional descent can also be us
obtain the polarization vectors~or tensors! and momentum
vectors of the Stu¨ckelberg models and the gauge generat
representation of the translational group in such models
starting from appropriate theories in one higher space-t
dimension~Sec. V!.

Notation. We usem,n, etc., for denoting indices in (3
11)-dimensional space-time. The lettersi , j , etc., are used
for (411)-dimensional space-time except in Sec. IV, whe
they represent spatial components of (311)-dimensional
vectors and tensors. The metric used is mostly negative.
denote polarization vectors by«m , polarization tensors o
two-form theories by«mn , and those of symmetric secon
rank tensor fields byxmn .

II. WIGNER’S LITTLE GROUP AS A GENERATOR
OF GAUGE TRANSFORMATIONS IN VARIOUS

THEORIES

Historically, the gauge generating property of the lit
group was first studied in the context of free Maxwell theo
@3–5#, where it was shown that the action of the little gro
on the polarization vector of Maxwell photons amounts to
gauge transformation in momentum space. As is well kno
free Maxwell theory is described by the Lagrangian

L52
1

4
FmnFmn, Fmn5]mAn2]nAm , ~1!

which is invariant under the gauge transformationAm(x)
→Am(x)1]m f̃ (x), where f̃ (x) is an arbitrary scalar func
tion. The Lagrangian~1! leads to the equation of motio
]mFmn50. Denoting the polarization vector of a photon b
«m(k), a solution of this equation can be written as

Am~x!5«m~k!eik•x, ~2!

where only a single mode is considered and the posi
frequency part is suppressed for simplicity. In terms of
10501
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polarization vector«m(k), the gauge transformation and th
equation of motion for Maxwell theory are expressed,
spectively, as follows;

«m~k!→«m8 ~k!5«m~k!1 i f ~k!km , ~3!

k2«m2kmkn«n50, ~4!

where f̃ (x) has been written asf̃ (x)5 f (k)eik•x. The mas-
sive excitations corresponding tok2Þ0 lead to the solution
«m}km, which can therefore be gauged away by a suita
choice of f (k) in Eq. ~3!. For massless excitations (k2

50), the Lorentz conditionkm«m50 follows immediately
from Eq. ~4!. For a photon of energyv propagating in thez
direction, the four-momentum can be written askm

5(v,0,0,v)T. It then follows from Eq.~4! that the corre-
sponding polarization tensor«m(k) takes the form
(«0,«1,«2,«0), which can be reduced to the maximally r
duced form2

«m~k!5~0,«1,«2,0!T ~5!

by the gauge transformation~3! with f (k)5 i«0/v. Note that
the maximally reduced form~5! of «m displays just the two
physical degrees of freedom«1 and«2.

We now digress briefly to recapitulate the essential
pects of Wigner’s little group. Wigner’s little groupW is
defined as the subgroup of the homogeneous Lorentz groL
that preserves the energy-momentum vector of a particle

W m
nkn5km, ~6!

wherekm is an arbitrary, but fixed, vector on the mass sh
M m25$kmuk25m2%. M m2 is acted on transitively by the
Lorentz groupL. The little groupW(k) is the stability sub-
group ofL so thatM m2 can be identified as a homogeneo
coset spaceL/W. It is obvious that, in 311 dimensions, the
little group for a massive particle is the rotational gro
SO(3). On theother hand, for a massless particle, the lit
group is isomorphic to the Euclidean groupE(2), which is a
semidirect product ofSO(2) andT(2)—thegroup of trans-
lations in the two-dimensional plane@5#. The explicit repre-
sentation of Wigner’s little groupW4 that preserves the four
momentumkm5(v,0,0,v)T of a photon of energyv moving
in the z direction is given by@3#
solution
W4~p,q;f!5S 11
p21q2

2
p cosf2q sinf p sinf1q cosf 2

p21q2

2

p cosf sinf 2p

q 2sinf cosf 2q

p21q2

2
p cosf2q sinf p sinf1q cosf 12

p21q2

2

D . ~7!

2This procedure of obtaining the maximally reduced polarization vectors or tensors of various theories by choosing a plane wave
for the corresponding equation of motion will henceforth be referred to as the ‘‘plane wave method.’’
3-2
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Here p and q are real parameters. This little group can
written asW4(p,q;f)5W(p,q)R(f), where

W~p,q![W4~p,q;0!

5S 11
p21q2

2
p q 2

p21q2

2

p 1 0 2p

q 0 1 2q

p21q2

2
p q 12

p21q2

2

D ~8!

is a particular representation of the translational subgr
T(2) of the little group andR(f) represents aSO(2) rota-
tion about thez axis. Note that the representationW(p,q)
satisfies the relationW(p,q)W( p̄,q̄)5W(p1 p̄,q1q̄).

Under the action of the translational groupT(2) in Eq.
~8!, the maximally reduced polarization vector~5! of Max-
well theory transforms as follows:

«m→«8m5Wm
n~p,q!«n5«m1S p«11q«2

v D km. ~9!

Clearly, this can be identified as a gauge transformation
the form of~3! by choosingf (k)5(p«11q«2)/ iv, thus dis-
playing the gauge generating property of Wigner’s lit
group for massless particles in free Maxwell theory. Co
versely, any general gauge transformation~in momentum
space! in Maxwell theory can be viewed as resulting fro
the action of the translational groupW(p,q) on the polariza-
tion vector of the theory.

The same translational groupT(2) in the representation
~8! generates gauge transformations in (311)-dimensional
linearized gravity@14# and Kalb-Ramond theory@8#. How-
ever, as we will show in the next section, the transformat
generated byT(2) is only a subset of the whole spectrum
gauge transformations in these massless tensor gauge
ries. On the other hand, in the case of the topologically m
siveB`F gauge theory@19#, the translational group~8! fails
to act as a gauge generator. The generator of gauge tran
mations inB`F theory is shown in@8# to be the transla-
tional groupT(3) in the representation

D~p,q,r !5S 1 p q r

0 1 0 0

0 0 1 0

0 0 0 1

D ~10!

~wherep,q,r are real parameters!. Another representation o
T(3), inherited from the defining representation of Wigne
little group for massless particles in 411 dimensions, gen-
erates gauge transformations in (411)-dimensional Max-
well theory. The close relationship between these differ
representations ofT(3) is analyzed in detail in@10# using the
method called dimensional descent, which will be discus
in Sec. V in the present context.
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III. PARTIAL GAUGE GENERATION BY T„2…
IN MASSLESS TENSOR GAUGE THEORIES

It was argued, respectively, in@8# and @6,14# that the
translational groupT(2) in the representation~8! generates
gauge transformations in (311)-dimensional massless KR
theory and in linearized gravity. As pointed out in@6#, gauge
generation byT(2) in linearized gravity is subject to certai
restrictions. Here we make a closer examination of this p
tial gauge generation byT(2) in linearized gravity, revealing
some aspects that went unnoticed before. We also show
T(2) generates only a restricted set of gauge transformat
in massless KR theory, and that the reducible nature of
gauge transformations is reflected in this partial gauge g
eration, points that were missed in earlier studies.

We first consider linearized gravity3 which is governed by
the Lagrangian

L L
E5

1

2
hmnFRL

mn2
1

2
hmnRLG ,

RL
mn5

1

2
~2hhmn1]m]ahan1]n]aham2]m]nh!, ~11!

where RL
mn is the linearized Ricci tensor whileh5ha

a and
RL5RL

a
a . Linearized gravity is invariant under the gaug

transformation

hmn~x!→h8mn~x!5hmn~x!1]mz̃n~x!1]nz̃m~x!. ~12!

Adopting the ansatz @analogous to Eq. ~2!# hmn

5xmn(k)eik•x, wherexmn is the symmetric polarization ten
sor, the gauge transformation~12! can be written in the mo-
mentum space as

xmn~k!→x8mn~k!5xmn~k!1kmzn~k!1knzm~k! ~13!

with z̃m(x)5zm(k)eik•x. Now, following the plane wave
method as described in@14#, one can obtain the maximally
reduced form of the polarization tensor corresponding t
particle with the four-momentumkm5(v,0,0,v)T, given by

$xmn%5S 0 0 0 0

0 a b 0

0 b 2a 0

0 0 0 0

D . ~14!

~For another derivation see@20#.! Herea andb are free pa-
rameters representing the two physical degrees of freedo
(311)-dimensional linearized gravity.4 Notice that the
maximally reduced form~14! of the polarization tensor sat
isfies the momentum space harmonic gauge conditionkmxn

m

5 1
2 knxm

m @20#.

3In linearized gravity, the metricgmn is assumed to be close to th
flat background parthmn , and one writesgmn5hmn1hmn with de-
viation uhmnu!1. Raising and lowering of indices are done byhmn

andhmn , respectively.
4Linearized gravity ind dimensions hasd(d23)/2 degrees of

freedom@20#.
3-3
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It is now easy to show that the action of the translational groupW(p,q) ~8! on the polarization tensor~14! is equivalent to
a gauge transformation:

$xmn%→$x8mn%5W~p,q!$xmn%WT~p,q!

5$xmn%1S @~p22q2!a12pqb# ~pa1qb! ~pb2qa! @~p22q2!a12pqb#

~pa1qb! 0 0 ~pa1qb!

~pb2qa! 0 0 ~pb2qa!

@~p22q2!a12pqb# ~pa1qb! ~pb2qa! @~p22q2!a12pqb#

D . ~15!
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The above transformation can be cast in the form of a ga
transformation~13! with the following choice for the arbi-
trary functionszm(k) @14#:

z15
pa1qb

v
, z25

pb2qa

v
,

z05z35
~p22q2!a12pqb

2v
. ~16!

However, sincekm5(v,0,0,v)T, the general gauge transfo
mation for$xmn% ~14! has the form

$xmn%→$xmn%1$kmzn%1$knzm%

5$xmn%1vS 2z0 z1 z2 ~z01z3!

z1 0 0 z1

z2 0 0 z2

~z01z3! z1 z2 2z3

D .

~17!

Upon comparing the above form of general gauge trans
mation with the one generated byW(p,q) given in Eq.~15!,
it becomes clear that the latter is only a special case of
former, as the relations in~16! restrict the number of inde
pendent components of the arbitrary vectorzm. Therefore,
the translational subgroupT(2) of Wigner’s little group for
massless particles generates only a subset of the full s
gauge transformations in linearized gravity. In this conn
tion one must notice that the gauge freedom in lineari
gravity is represented by the arbitrary vector variablezm,
with four components, while the translational groupT(2)
has only two parameters. Naturally, in gauge generation
W(p,q) in linearized gravity, only two of the four compo
nents ofzm remain independent@as is evident from Eq.~17!#
when expressed in terms of the two parameters (p,q), and
therefore the gauge generation is only partial. It was note
@6# that the gauge generation by the little group in lineariz
gravity is subject to the ‘‘Lorentz condition’’kmzm(k)50.
This can also be seen from the third relationz05z3 in Eq.
~16!, sincekm5(v,0,0,v)T. Thus, our present analysis ha
unraveled all the constraints behind the partial gauge gen
tion by Wigner’s little group in linearized gravity. In con
trast, the gauge freedom in free Maxwell theory is rep
sented by a single arbitrary scalar variablef (k) ~3! which
10501
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can be expressed~without any restrictions! in terms of the
two parameters ofW(p,q) in gauge generation by the little
group, as is evident from Eq.~9!. Hence the translationa
subgroup of Wigner’s little group generates the full set
gauge transformations in Maxwell theory.

We now consider the gauge transformations generated
the translational groupW(p,q) in massless KR theory, which
has a second rank antisymmetric tensor as its basic field.
KR theory is described by the Lagrangian

L5
1

12
HmnlHmnl, Hmnl5]mBnl1]nBlm1]lBmn ,

~18!

where Bmn is the second rank antisymmetric gauge fie
(Bmn52Bnm). The KR theory is invariant under the gaug
transformation

Bmn~x!→Bmn8 ~x!5Bmn~x!1]mFn~x!2]nFm~x!, ~19!

whereFm(x) are arbitrary functions. One can see that und
the transformation

Fm~x!→Fm8 ~x!5Fm~x!1]mb~x! ~20!

@whereb(x) is an arbitrary scalar function# the gauge trans-
formation ~19! remains invariant. In particular, ifFm
5]mL, the gauge transformation vanishes trivially. This
known as the ‘‘gauge invariance of gauge transformatio
and is a typical property of reducible gauge theories5 where
the generators of gauge transformations are not all indep
dent @15#. Hence there exists some superfluity in the gau
transformation~19!. The maximally reduced form of the an

5Notice a crucial difference in the case of linearized grav
which has the symmetric tensorhmn as its underlying gauge field
Under a transformation of the type~20!, the gauge transformation
~12! changes. This shows that, unlike in KR theory, there is
gauge invariance of gauge transformation in linearized grav
which is not a reducible gauge system.
3-4
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tisymmetric polarization tensor«mn associated with the two
form potentialBmn (5«mneik•x) of KR theory was obtained
in @8# using the plane wave method as

$«mn%5«12S 0 0 0 0

0 0 1 0

0 21 0 0

0 0 0 0

D . ~21!

Notice that, as in Maxwell and linearized gravity theorie
this form of the polarization tensor satisfies the Lorentz c
dition km«mn50 corresponding to]mBmn50. In the case of
KR theory, the counterpart of the momentum space ga
transformation~13! is given by

«mn~k!→«8mn~k!5«mn~k!1 i @km f n~k!2kn f m~k!#,

~22!

where f m(k) are arbitrary and independent functions ofk
@with Fm(x)5 f m(k)eik•x]. The transformation of$«mn% un-
der the translational groupW(p,q) ~8! can be written as

$«mn%→$«8mn%5W~p,q!$«mn%WT~p,q!

5$«mn%1«12S 0 2q p 0

q 0 0 q

2p 0 0 2p

0 2q p 0

D . ~23!

This can be cast in the form of Eq.~22! with

f 15
2q«12

iv
, f 25

p«12

iv
, f 35 f 0. ~24!

As in the case of linearized gravity, on account of the
quirement f 35 f 0, the gauge transformations generated
the translational group also fail to include the entire set
gauge transformations in KR theory. Analogous to Eq.~17!,
the general form of gauge transformation~22! in the matrix
form is

$«mn%→$«8mn%5$«mn%1vS 0 f 1 f 2 f 02 f 3

2 f 1 0 0 2 f 1

2 f 2 0 0 2 f 2

f 32 f 0 f 1 f 2 0

D ,

~25!

which makes it quite explicit that the transformation~23!
does not exhaust~25!, but is only a special case of it~where
f 05 f 3). The transformation~23! is an attempt to generat
the gauge equivalence class of the maximally reduced po
ization tensor~21! of KR theory using only the two param
eters of the translational groupW(p,q), while the full gauge
freedom of the theory is represented by the arbitrary fo
vector variablef m(k). Hence, analogous to the case of li
earized gravity, gauge generation byW(p,q) in massless KR
10501
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theory is only partial. Moreover, here also the arbitrary fun
tion f m(k) satisfies the Lorentz conditionkm f m(k)50 since
f 05 f 3 @Eq. ~24!#.

It is important to notice that in Eq.~24!, while the com-
ponentsf 1 and f 2 of f m are expressed in terms of the param
etersp,q of the translational groupW(p,q), the other two
components (f 0, f 3) are independent of the parameters~and
of the maximally reduced polarization tensor! and are left
completely undetermined subject only to the constraintf 0

5 f 3. Thus, in gauge generation byW(p,q) in KR theory,
corresponding to any given pair (f 1, f 2) there exists a con-
tinuum of allowed choices forf 0 (5 f 3) representative of the
invariance of gauge transformations~19! under~20!. There-
fore, the partial gauge generation byW(p,q) in massless KR
theory clearly exhibits the reducibility of its gauge transfo
mations. This may be compared to the gauge generation~15!
in linearized gravity byW(p,q), where all the component
of the arbitrary vector variablezm are expressed in terms o
the parameters (p,q) @see Eq.~16!#, hence indicating the
absence of any reducibility in the gauge transformation
the theory.

Notice that the transformation~20! is of same form as the
gauge transformation in Maxwell theory whereW(p,q) acts
as the gauge generator. Hence, the gauge transformation~20!
of gauge transformations in KR theory may be considered
being generated by the translational groupW(p,q). Thus, in
KR theory, which is a two-form gauge theory, two indepe
dent elements of the translational groupW(p,q) are involved
in generating gauge transformations, one for the underly
two-form field Bmn and the other for the fieldFm , which
corresponds to the gauge freedom of the theory. In ga
generation for massless theories by the translational gr
W(p,q), we therefore perceive an appealing hierarchi
structure starting from the Maxwell~one-form! and KR~two-
form! theories; namely, in ann-form theory,n elements of
the translational groupW(p,q) are involved in gauge gen
eration. It is expected that this hierarchical structure con
ues for higher form gauge theories as well.

IV. MASSIVE GAUGE THEORIES

In this section we study the relationship between
translational groups and gauge transformation in gauge th
ries that are obtained from massive theories through
Stückelberg mechanism. Only (311)-dimensional theories
are considered in this section.

A. Massive vector gauge theory

One can render the (311)-dimensional Proca theor
~which does not possess any gauge symmetry! gauge invari-
ant by the Stu¨ckelberg mechanism with the introduction of
new scalar fielda(x) as follows:

L52
1

4
FmnFmn1

m2

2
~Am1]ma!~Am1]ma!. ~26!

The Lagrangian remains invariant under the transformati
3-5
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TOMY SCARIA PHYSICAL REVIEW D 68, 105013 ~2003!
Am~x!→Am8 ~x!5Am~x!1]mL~x!,

a~x!→a8~x!5a~x!2L~x!, ~27!

whereL(x) is an arbitrary scalar function. The equations
motion for the theory are

2]nFmn1m2~Am1]ma!50, ]m~Am1]ma!50.
~28!

One must notice that by operating]m on the first equation in
~28! one yields the second. Hence the latter is a consequ
of the former. This implies that the gauge transformation
the a field can be deduced by knowing that of theAm field.
Similarly to Eq. ~2!, here we adopt the ansatzAm(x)
5«mexp(ik•x) anda(x)5ã(k)exp(ik•x). In terms of the po-
larization vector«m(k), the equations of motion~28! be-
come, respectively,

kn~km«n2kn«m!1m2~«m1 ikmã!50, ikn~«n1 iknã !50.
~29!

For massless excitationsk250, the second equation in~29!
gives the Lorentz conditionkn«n50 which when substituted
in the first gives«m52 ikmã. Since this is a solution pro
portional to the four-momentumkm , it can be gauged awa
by an appropriate choice of the gauge. Thus massless e
tations are gauge artifacts. Fork25M2 ~massive excitations!,
the equations of motion~29! become

~m22M2!«m1kmkn«n1 im2kmã50, ã5
ikn«n

M2
.

~30!

Substituting the second equation of~30! in the first yields

~m22M2!«m1kn«nkmS 12
m2

M2D 50. ~31!

Now, Eq.~31! can be satisfied only ifM5m. Therefore, the
mass of the excitation is given bym itself, and the rest frame
momentum four-vector of the theory can be written askn

5(m,0,0,0). Then, in the rest frame the second equation
~29! gives«052 imã. Therefore, the polarization vector o
the Am(x) field in Eq. ~26! can be written as«m

5(2 imã,«1,«2,«3)T, and a gauge transformation with th
choiceL(x)5a(x) yields its maximally reduced form

«m5~0,«1,«2,«3!T, ~32!

where the free components«1,«2,«3 represents the thre
physical degrees of freedom in the theory. One must n
that Eq.~32! is of the same form as that of theB`F theory
polarization vector@8#. Therefore, just as in the case ofB
`F theory, the action of the representationD(p,q,r ) ~10! of
T(3) on the polarization vector~32! amounts to a gauge
transformation in Stu¨ckelberg extended Proca theory:

«m→«8m5Dm
n~p,q,r !«n5«m1

i

m
~p«11q«21r«3!km.

~33!
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The above transformation can be cast in the form of
momentum space gauge transformation

«m→«m1 ikml~k! ~34!

@where L(x)5l(k)eik•x] corresponding to the fieldA(x),
by choosing the fieldL(x) such that

l~k!5
~p«11q«21r«3!

m
. ~35!

As mentioned before, it is possible to obtain the gau
transformation property of thea field from that of theAm

field. Consider the second relation in~30!, i.e., ã
5 ikm«m/m2, and let«m undergo the gauge transformatio
~34!, which has the effect of making a corresponding tra
formation in thea field:

ã→ã85
ikm~«m1 ikml!

m2
5

ikm«m

m2
2l5ã2l. ~36!

Here l is given by Eq.~35!, corresponding to the gaug
transformation generated by the translational groupT(3) in
the Am(x) field. Notice that the above equation~36! corre-
sponds to the second equation in~27!. We have thus obtained
the gauge transformation generated in thea field by T(3)
from that in theAm(x) field. It follows therefore that thea
field can be gauged away completely by a suitable ga
fixing condition~unitary gauge!, and it does not appear in th
physical spectrum of the theory.

Hence it is obvious that the representationD(p,q,r ) of
T(3) generates gauge transformations in the massive ve
gauge theory governed by Eq.~26!.

B. Massive symmetric tensor gauge theory

Consider the massive and gauge noninvariant Einst
Pauli-Fierz theory in 311 dimensions as given by the La
grangian

L L
EPF5

1

2
hmnFRL

mn2
1

2
hmnRLG2

m2

2
@~hmn!22h2#.

~37!

Just as the Proca theory~Sec. IV A! can be made gaug
invariant by the Stu¨ckelberg mechanism, the linearized EP
theory can also be made gauge invariant by introducing
additional vector fieldAm as follows:

L L
EPF5

1

2
hmnFRL

mn2
1

2
hmnRLG

2
m2

2
@~hmn1]mAn1]nAm!22~h12]•A!2#.

~38!

The theory described by Eq.~38! is invariant under the gaug
transformations

hmn→hmn8 5hmn1]mLn1]nLm ,

Am~x!→Am8 ~x!5Am~x!2Lm~x!. ~39!
3-6
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The equations of motion forhmn andAm are given, respec
tively, by the following equations:

2hhmn1]m]ahan1]n]aham2]m]nh

1hmn~hh2]a]bhab!2m2@~hmn1]mAn1]nAm!

2hmn~h12]•A!#50, ~40!

hAm1]nhnm2]mh2]m~]•A!50. ~41!

Analogously to the case of massive vector gauge theory
cussed before, the equation of motion~41! for Am can be
obtained from Eq.~40! by applying the operator]n . There-
fore, gauge transformation ofAm is obtainable by knowing
the gauge transformation of thehmn field via a method simi-
lar to the one discussed in Sec. IV A for the case of Stu¨ck-
elberg extended Proca theory. Withhmn(x)5xmn(k)eik•x and
Am(x)5«m(k)eik•x, we now employ the plane wave metho
to obtain the maximally reduced polarization tensorxmn in-
volved in thehmn field. In the momentum space, the gau
transformations~39! can be written as

xmn→xmn8 5xmn1 ikmzn1 iknzm , «m→«m8 5«m2zm

~42!

@whereLm(x)5zm(k)exp(ik•x)], and the equation of motion
~40! for hmn as

k2xmn2kmkaxan2knkaxam1kmknx

1hmn~2k2x1kakbxab!2m2@xmn1 ikm«n1 ikn«m

2hmn~x12ika«a!#50. ~43!

On contracting withhmn and considering only massless (k2

50) excitations, Eq.~43! reduces to

2kmnxmn1m2@3~x12ikm«m!#50. ~44!

The solution of the above equation isxmn52 i (km«n

1kn«m). Hence it is also the solution of Eq.~43! with k2

50. It is obvious that this solution is a gauge artifact sin
one can choose the arbitrary vector fieldLm5Am so as to
make this solution vanish.

Next we consider the massive case (k25M2,MÞ0) and
consider the~00! component of the equation of motion~43!
which, by straightforward algebra, can be reduced to

x1
11x2

21x3
350. ~45!
10501
s-

e

Similarly, the (0i ) component of Eq.~43! gives x0i5
2 iM « i . Now, the (i j ) component of Eq.~43! is given by

k2x i j 2h i j k
2~x2x00!2m2@x i j 2h i j ~x12iM «0!#50.

~46!
Using Eq.~45!, the above equation can be reduced to

k2x i j 2m2@x i j 2h i j ~x12iM «0!#50. ~47!

By adding up the three equations obtained by successi
setting i 5 j 51,2,3 in Eq.~47!, and subsequently using Eq
~45!, we arrive atx00522iM «0. On the other hand, when
iÞ j Eq. ~47! reduces to

~m22M2!x i j 50. ~48!

At this juncture, notice that only two of the three compone
x i i ,i 51,2,3, are independent on account of Eq.~45!. Also,
the x00 and x0i components can be set equal to zero
choosing the arbitrary fieldLm to be Am . Therefore, ifx i j
50 ~for iÞ j ) in the above equation~48!, the number of
independent components ofxmn will be only two. Since this
is not the case, we can satisfy Eq.~48! only if m25M2. Thus
we see that the parameterm represents the mass of the phys
cal excitations of the fieldhmn and that its polarization tenso
is

$xmn%5S 22im«0 2 im«1 2 im«2 2 im«3

2 im«1 x11 x12 x13

2 im«2 x12 x22 x23

2 im«3 x13 x23 x33

D ,

x111x221x3350. ~49!

As mentioned before, by choosing the fieldLm to beAm and
making a gauge transformation, the above form of the po
ization tensor can be converted to its maximally reduc
form given by

$xmn%5S 0 0 0 0

0 x11 x12 x13

0 x12 x22 x23

0 x13 x23 x33

D , x111x221x3350.

~50!

The action ofD(p,q,r ) on the polarization tensor$xmn%
~50! is given by
$xmn%→$xmn%85D~p,q,r !$xmn%D
T~p,q,r !

5$xmn%1S S p~px111qx121rx13!

1q~px121qx221rx23!

1r ~px131qx231rx33!
D S px111qx12

1rx13
D S px121qx22

1rx23
D S px131qx23

1rx33
D

px111qx121rx13 0 0 0

px121qx221rx23 0 0 0

px131qx231rx33 0 0 0

D . ~51!
3-7
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By choosing

z05
1

2
~pz11qz21r z3!,

z15
1

m
~px111qx121rx13!,

z25
1

m
~px121qx221rx23!,

z35
1

m
~px131qx231rx33!, x111x221x3350,

it is straightforward to see that Eq.~51! has the form of the
gauge transformation ofxmn @see Eq.~42!#. Notice that,
when one makes the choices for the componentsz1 ,z2 ,z3 in
terms of the three parametersp,q,r of the translational group
T(3), thecomponentz0 is automatically fixed. Therefore, in
the gauge transformation~51! generated by the represent
tion D(p,q,r ) of T(3), only the three space components
the arbitrary fieldzm remain independent, whereas for th
generation of the complete set of gauge transformations~42!
all four components ofzm should be independent of on
another. Hence, the above gauge transformations~51! gener-
ated by the translational groupD(p,q,r ) do not exhaust the
complete set of gauge transformations available to the m
sive symmetric tensor gauge theory. As mentioned bef
the gauge transformation of theAm field can be obtained
from that of thehmn field, although the former does not ap
pear in the physical spectrum of the theory.

C. Massive antisymmetric tensor gauge theory

Here we discuss the role of the translational groupT(3)
as gauge generator in the Stu¨ckelberg extended massive K
theory, which is another example of a reducible gau
theory. Although the analysis in this case closely resemb
that for Stückelberg extended EPF theory, here the reduci
ity of the gauge transformation is manifested in the gau
generation byT(3). TheLagrangian of the Stu¨ckelberg ex-
tended massive KR theory is

L5
1

12
HmnlHmnl2

m2

4
~Bmn1]mAn2]nAm!

3~Bmn1]mAn2]nAm!. ~52!

It can easily be verified that this theory is invariant under
joint gauge transformations

Bmn~x!→Bmn~x!1]mFn~x!2]nFm~x!,

Am~x!→Am~x!2Lm~x!. ~53!

Here we must notice that the gauge transformation ofBmn is
reducible exactly like that in massless KR theory. The eq
tions of motion ~corresponding toBmn and Am) following
from Eq. ~52! are given by

]mHmnl1m2~Bnl1]nAl2]lAn!50, ~54!
10501
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]m~Bmn1]mAn2]nAm!50. ~55!

As in the case of the Stu¨ckelberg extended massive theori
considered previously in Secs. IV A and IV B, the equati
of motion ~55! for An can be obtained from Eq.~54! by the
application of the operator]l . Hence, one can easily obtai
the gauge transformation of theAn field from that of theBnl

field.
In order to obtain the maximally reduced polarization te

sor«mn(k) corresponding to the antisymmetric fieldBmn(x),
as usual we use the ansatzBmn(x)5«mn(k)eik•x, Am(x)
5«m(k)eik•x and employ the plane wave method. The m
mentum space gauge transformation of«mn(k) now has the
same form as Eq.~22!. The equation of motion~54! can be
written ~in momentum space! as

2k2«nl2knkm«lm2klkm«mn1m2~«nl1 ikn«l2 ikl«n!

50. ~56!

If k250 ~massless excitations!, the above equation reduce
to

2knkm«lm2klkm«mn1m2~«nl1 ikn«l2 ikl«n!50,

~57!

the most general solution for which is

«nl~k!5C~ ikn«l2 ikl«n!1D~enltskt«s!, ~58!

whereC and D are constants to be fixed. Substituting th
solution~58! in Eq. ~57!, we can easily see thatC521 and
D50. Therefore, the solution to Eq.~56! corresponding to
massless excitations is«nl(k)52 ikn«l1 ikl«n. However,
such solutions can be gauged away by choosing the arbit
field Lm(x)5Am(x), which shows that massless excitatio
are gauge artifacts.

Next we consider the massive casek25M2(MÞ0) where
it is possible to go to the rest frame wherekm

5(M ,0,0,0)T. In the rest frame, the equation of motion~56!
reduces to

~m22M2!«nl2M ~kn«l01kl«0n!1m2~ ikn«l2 ikl«n!50.

~59!

Note that, since the polarization tensor«nl is antisymmetric,
all its diagonal entries are automatically zero. Consider
the components of Eq.~59! for which (n50,l5 i ), we have
« i05 iM « i . For (n5 i ,l5 j ) with iÞ j , Eq. ~59! gives (m2

2M2)« i j 50. This leads to two possibilities; either« i j 50 or
M25m2. The former possibility can be ruled out by th
following reasoning. Since Eq.~52! is the first class version
~obtained by a Stu¨ckelberg extension mechanism! of massive
KR theory possessing three physical degrees of freed
@18#, the theory described by Eq.~52! also must inherit the
same number of degrees of freedom. However, the« i0 ele-
ments can all be made to vanish by the gauge choiceLm
5Am . Therefore the possibility« i j 50 leads to a null theory
and hence should be discounted. So we haveM25m2, which
is also consistent with the number of degrees of freedo
Finally, analogous to Eq.~50!, the maximally reduced form
of the polarization tensor corresponding to Eq.~52! is given
by
3-8
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S 0 2« 0 «

0 2«13 2«23 0

D
As in the case of Stu¨ckelberg extended EPF theory, theAm field disappears from the physical spectrum in this case also. H
it must be emphasized that the maximally reduced polarization tensor ofB`F theory also has the same form~60!. This is not
surprising, since the physical sector ofB`F theory is equivalent to massive KR theory, whose first class version is the th
~52! under consideration now@18#. We now study the action ofD(p,q,r ) on Eq.~60!, given by

$«mn%→$«mn%85D~p,q,r !$«mn%DT~p,q,r !5$«mn%1S 0 2q«122r«13 p«122r«23 p«131q«23

q«121r«13 0 0 0

2p«121r«23 0 0 0

2p«132q«23 0 0 0
D .

~61!
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This can be considered to be the gauge transformation of«nl

~22! if we choose

f 15
1

m
~q«121r«13!, f 25

1

m
~2p«121r«23!,

f 35
21

m
~p«131q«23!. ~62!

Note that the componentf 0 remains completely undeter
mined and does not depend at all either on the parame
p,q,r of T(3) or on the maximally reduced polarization te
sor of the theory, whereas the other componentsf 1, f 2, f 3 are
determined by these parameters and the elements of the
larization tensor. Hence,T(3) generates the complete set
gauge transformations in the Stu¨ckelberg extended massiv
KR theory. Interestingly, it is exactly in the same fashion
in the present case~of Stückelberg extended massive K
theory! that gauge transformations ofB`F theory are gen-
erated by the translational groupD(p,q,r ) ~we refer to@8#
for details!. Analogously to the gauge transformation gen
ated byW(p,q) in massless KR theory, for any given set
( f 1, f 2, f 3) we have a continuum of values forf 0, represent-
ing the reducibility of the gauge transformation in the und
lying two-form field both in the Stu¨ckelberg extended firs
class version of massive KR theory and in theB`F theory.
Therefore, the complete independence of the time com
nent of f m of the maximally reduced polarization tensor a
of the parameters of the groupD(p,q,r ) is a consequence o
the reducibility of the gauge transformations of these th
ries.

Analogous to the hierarchical structure involving the e
ments ofT(2) present in the gauge generation in massl
n-form theories, there is a hierarchical structure in the ga
transformations generated byT(3) in massiven-form theo-
ries also. In Sec. IV A we saw that an element ofT(3) gen-
erates gauge transformations in a massive one-form th
~the Stückelberg extended Proca theory!. In the massive two-
form ~Stückelberg extended massive KR! theory, two ele-
10501
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ments ofT(3) are involved as generators of gauge transf
mations, one element for the gauge transformation of
field Bmn and a second element for the ‘‘gauge transform
tion’’ Fm→Fm1]mb, which corresponds to the reducibilit
of gauge freedom inBmn. @This transformation is of the sam
form as the first transformation in Eq.~27! corresponding to
massive vector theory, and hence may be considered t
generated byT(3).#

V. DIMENSIONAL DESCENT

Dimensional descent@10# is a method by which one ca
obtain the energy-momentum vector, polarization tensor,
gauge generating representation of the translational subg
of Wigner’s little group, etc., in a massive gauge theory l
ing in a certain space-time dimension from similar results
gauge theories in one higher dimension. In this sense, dim
sional descent is a unification scheme for the results p
sented in the previous sections. A closely related concep
the idea of ‘‘dimensional reduction’’ by which massless the
ries in a given dimension can be related to massive theo
in a space of one lower dimension, as can be seen from@21#.
Similar ideas are also used in the context of string theo
where a massive particle is viewed as a massless partic
one higher dimension with the mass being considered as
momentum component along the additional dimension@22#.

We begin our discussion of dimensional descent by not
that the translational groupT(3), which generates gaug
transformations in (311)-dimensionalB`F theory and in
the massive excitations of Stu¨ckelberg extended Proca an
EPF theories, is an invariant subgroup ofE(3). Now, just as
E(2) is the generator of gauge transformations in fo
dimensional Maxwell theory,E(3) generates gauge transfo
mations in five-dimensional Maxwell theory. This indicat
that the generators of gauge transformations in the ab
mentioned massive gauge theories and five-dimensio
Maxwell theory are related.

An element of Wigner’s little group in five dimension
@10# can be written as
3-9
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p21q21r 2

2
p q r 2

p21q21r 2

2

p 2p

q R~c,f,h! 2q

r 2r
2 2 2 2 2 2

D , ~63!
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where p,q,r are any real numbers, whileR(c,f,h)
PSO(3), with (c,f,h) being a triplet of Euler angles. Th
corresponding element of the translational groupT(3) can be
trivially obtained by settingR(c,f,h) to be the identity ma-
trix and will be denoted byW(p,q,r )5W5(p,q,r ;0).

Let us now consider free Maxwell theory in five dime
sions (L52 1

4 Fi j Fi j , i , j 50,1,2,3,4). For a photon of en
ergy v ~in five-dimensional space-time! propagating in the
i 54 direction, the momentum five-vector is given by

ki5~v,0,0,0,v!T. ~64!

By following the plane wave method and proceeding exac
as in Sec. II, one can show that the maximally reduced fo
of the polarization vector of the photon is

« i5~0,«1,«2,«3,0!T, ~65!

where «1,«2,«3 represent the three transverse degrees
freedom~since the polarization vector satisfies the ‘‘Loren
gauge’’ « iki50). If we now suppress the last row of th
column matriceski ~64! and« i ~65!, we end up, respectively
with the energy-momentum four-vector and the polarizat
vector of the Stu¨ckelberg extended Proca model in 311 di-
mensions. This is equivalent to applying the projection o
erator given by the matrix

P5diag~1,1,1,1,0! ~66!

to the momentum five-vector~64! and the polarization vecto
~65!. Similarly, it is possible to derive the polarization tens
of Stückelberg extended EPF theory~38! from that of linear-
ized Einstein gravity in five dimensions by a procedu
analogous to the one described above. As was done in
(311)-dimensional case, one can easily show that the m
mally reduced form of the polarization tensor
(411)-dimensional linearized gravity is

$x i j %5S 0 0 0 0 0

0 x11 x12 x13 0

0 x12 x22 x23 0

0 x13 x23 x33 0

0 0 0 0 0

D , x111x221x3350.

~67!

By suppressing the last row and column of the polarizat
tensor~67!, one obtains the polarization tensor~50! of the
Stückelberg extended EPF model in 311 dimensions. For
this purpose, consider the action ofW(p,q,r ) on « i :
10501
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« i→«8 i5« i1d« i5W5~p,q,r ! i
j«

j

5« i1~p«11q«21r«3!
ki

v
. ~68!

This is indeed a gauge transformation in (411)-dimensional
Maxwell theory. Applying the projection operatorP ~66! on
~68! yields

d«m5Pd« i5
1

v
~p«11q«21r«3!km. ~69!

Here«m5(0,«1,«2,«3)T corresponds to the polarization ve
tor in the Stu¨ckelberg extended Proca theory andkm is the
momentum vector of a particle at rest in 311 dimensions.
~Here, the time componentv of a five-dimensional massles
particle, moving along the extra fifth dimension, is identifi
with the massv of a massive particle at rest in four
dimensional space-time.! Modulo ani factor, this is precisely
how the polarization vectors in the massive gauge the
~26! transform under gauge transformations~see Sec. IV A!.
The form of Eq.~69! makes it obvious that

d«m5D~p,q,r !«m2«m, ~70!

whereD(p,q,r ) is given by Eq.~10!. Thus, in this fashion
we are able to derive the gauge generating representa
D(p,q,r ) of T(3) in a massive vector field by a judiciou
application of the projection operatorP ~66! from the gauge
transformation relation of a higher dimensional massl
gauge theory.

We now consider the polarization matrix$x i j % ~67! of
linearized gravity in five dimensions,6 for which the transfor-
mation under the action ofW(p,q,r ) is given by

6In this regard, we recollect a comment made in@14# that a trans-
lational subgroup of Wigner’s little group for massless partic
generates gauge transformations only in the (311)-dimensional
version of linearized gravity, but not in its higher dimensional v
sions. This was mistakenly ascribed to the mismatch in the num
of degrees of freedom@d(d23)/2# in higher dimensional linearized
gravity and the number of parameters (d22) of the translational
subgroup of Wigner’s little group for massless particles ind.4.
However, this needs to be amended, as this mismatch is of no
sequence in this regard, and it must be stated that the translat
subgroup generates gauge transformations for linearized gravi
any dimensiond>4.
3-10
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$x i j %→$x8 i j %5W~p,q,r !$x i j %WT~p,q,r !5$x i j %1d$x i j %,

where

d$x i j %5$dx i j %

5S ap1bq1rc a b c ap1bq1rc

a 0 0 0 a

b 0 0 0 b

c 0 0 0 c

ap1bq1rc a b c ap1bq1rc

D
~71!

with a5px111qx121rx13, b5px121qx221r«23, and c
5px131qx231rx33 with x111x221x3350. Again this can
easily be recognized as a gauge transformation7 in
(411)-dimensional linearized gravity involving massle
quanta, asdx i j can be expressed as@kiz j (k)1kjz i(k)# with
a suitable choice forz i(k), whereki5(v,0,0,0,v)T. By ap-
plying the projection operatorP on Eq. ~71!, we get the
change ~under gauge transformation! in the
(311)-dimensional polarization matrix$xmn% ~of Stückel-
berg extended EPF theory!, by the formula d$xmn%
5Pd$x i j %P T. This simply amounts to a deletion of the la
row and column ofd$x i j %. The result can be expressed mo
compactly as

d$xmn%5~D$xmn%DT2$xmn%!, ~72!

where D5D(p,q,r ) @see Eq.~10!#. This has the precise
form of the gauge transformation of the polarization mat
of the Stückelberg extended EPF model, since it can be c
in the form

dxmn5@kmzn~k!1knzm~k!# ~73!

for a suitablezm(k), wherekm5(m,0,0,0)T. Here we have
identifiedv with m.

Clearly, the generators T15]D/]p,T25]D/]q,T3
5]D/]r provide a commuting Lie algebra basis for th
groupT(3). One caneasily verify that

D~p,q,r !5epT11qT21rT3511pT11qT21rT3 , ~74!

so that the change in the polarization vector«m can be ex-
pressed as the action of a Lie algebra element

d«m5~pT11qT21rT3!«m. ~75!

In addition,D(p,q,r ) also preserves the four-momentum
a particle at rest. Thus we have shown how this represe
tion ~10! of T(3) can be connected to Wigner’s little grou
for massless particles in 411 dimensions through appropr
ate projection in the intermediate steps, where the mass
particles moving in 411 dimensions can be associated w
a massive particle at rest in 311 dimensions.

7Exactly as in the four-dimensional case, this gauge transfor
tion forms only a subset of the full set of gauge transformat
available in five-dimensional linearized gravity.
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The method of dimensional descent as applied in
case of (311)-dimensionalB`F theory was earlier dis-
cussed in@10#, where it was shown that one can arrive at t
representationD(p,q,r ) of the translational groupT(3) by
considering the gauge transformation properties
(411)-dimensional massless KR theory. Since the phys
sectors of Stu¨ckelberg extended massive KR theory andB
`F theory are equivalent~and hence possess identical re
frame momentum four-vectors and maximally reduced po
ization tensors!, it is possible to obtain the gauge generati
representationD(p,q,r ) of T(3) for Stückelberg extended
massive KR theory using dimensional descent, proceed
exactly as was done in@10# for the case ofB`F theory.

VI. CONCLUSION

The results of this study can be summarized as follo
We have shown that the representation of the translatio
T(3) that acts as a gauge generator in the topologically m
sive B`F gauge theory also generates gauge transfor
tions in the Stu¨ckelberg extended gauge invariant versions
the (311)-dimensional Proca, Einstein-Pauli-Fierz, a
massive Kalb-Ramond theories. This representation ofT(3)
along with the polarization vectors and tensors and the m
mentum four-vectors of these Stu¨ckelberg extended theorie
are derived systematically using the method of dimensio
descent by starting from the appropriate massless ga
theories living in (411)-dimensional space-time. We hav
also reexamined the gauge generation in (311)-dimensional
massless tensor gauge theories~linearized gravity and Kalb-
Ramond theories! by the translational groupT(2) and
showed that gauge transformations generated byT(2) in
these theories form only a subset of the whole spectrum
gauge transformations available. Similarly, the gauge gen
tion by T(3) in the Stu¨ckelberg extended Einstein-Paul
Fierz theory is also partial. However, in theB`F and Stu¨ck-
elberg extended massive Kalb-Ramond theories, the full
of gauge transformations is generated byT(3). In this con-
nection, we have clarified several subtle points concern
gauge generation by translational groups. It should be
phasized that in the case of reducible gauge systems~mass-
less Kalb-Ramond theory,B`F theory, and the Stu¨ckelberg
extended massive Kalb-Ramond theory! gauge generation by
the relevant translational groups manifestly exhibits the
ducibility of the gauge transformations. Furthermore, a hi
archical structure is noticed in the gauge generation by tra
lational groups in both massive and massless theories ha
n-form fields as their basic gauge fields, namely,n indepen-
dent elements of the corresponding translational group
involved in the gauge generation in ann-form gauge theory.
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